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We investigate the magnetoconductaribC) in the variable-range hopping regime, caused by quantum
interference effects in three dimensions. We find that, in the absence of spin-orbit scattering, there is an
increase in the localization length, producing a large positive MC. By contrast, with spin-orbit scattering
present, there is no change in the localization length, and only a small increase in the overall tunneling
amplitude as in two dimensions. Orientational effects, of the sample with respect to an external magnetic field,
can be considered in three dimensions, and we find the magnetoconductance anisotropy depends critically on
the number of dominant hops in the sample and the magnetic field intensity. If a singléhapfew
dominates the conductivity of the sample, this leads to a characteristic orientational “fingerprint” for the MC
anisotropy that could be probed experimentally. Samples probed to date, however, exhibit a conductance
dominated by many hops, and thus averaging over critical hop orientations renders the bulk sample isotropic.
Anisotropy appears, however, for thin films, when the length of the hop is comparable to the thickness. The
hops are then restricted to align with the sample plane, leading to different MC behaviors parallel and perpen-
dicular to it, even after averaging over many hops. We predict, on the basis of the Nguyen-Spivak-Shklovskii
model, the variations of such anisotropy with both the hop size and the magnetic field strength. An orienta-
tional bias of dominant hops produced by strong electric fields is suggested as an interesting probe of anisot-
ropy effects due to interference mechanisms in the variable-range hopping regime.

I. INTRODUCTION negative MC, which is not the case in experiments for weak
magnetic fields. Further evidence is provided by the orbital
Striking quantum interferenc@l) effects have been ob- nature of the MC(Ref. 2 observed in InO films of varying
served in experiments ansulating materials'~* These ob-  thickness. While experiments show an isotropic MC for thick
servations are of particular interest, as they point to quantureamples, anisotropy sets in when the film thickness is close
coherence phenomena for strongly localized electrons, whette the Mott hopping length. Such anisotropy precludes expla-
naively they may not have been expected to occur ovenations in terms of scattering of electron spin by magnetic
length scales appreciably larger than the localization lengtimpurities® which are necessarily isotropic with respect to
¢. A theoretical explanation was first proposed by Nguyenthe field direction, pointing instead to interference effects
Spivak, and Shklovskii(NSS in the context of Mott vari- due to the electron orbits. Finally, in a careful set of experi-
able range hoppirfg(VRH): Phase coherence is maintained ments, Orlov and Savchenkand Milliken and Ovadyahu
over the long distances between phonon-assisted tunnelirdgmonstrate the presence of reproducible conductance fluc-
events, which grow with decreasing temperatufeas tuations or magnetofingerprints, generally regarded as a clear
exp(To/T)Y®P*+1) in D spatial dimensions. The resulting co- signature of QI effects.
herence length can be quite larggpically of the order of The NSS model considers the QI between the many vir-
20—-50¢). In this work, we consider the three-dimensionaltual paths that the electron can take while tunneling under
NSS model and focus on the dependence of the conductantige barrier between two distant impurity centers. In the tun-
and its fluctuations on the relative orientations of the magneling process, the hopping electrons with energies near the
netic field and the dominant hop. Fermi level encounter impurities with energies outside the
The initial indications of QI came from observations of a Mott energy strip. These impurities are considered as the
strong positive magnetoconductan@®@C) in materials that source of elastic scattering events under the barrier. Since the
exhibit VRH behavior. In a single impurity picture, the ac- contribution of each virtual patfiunneling through a barrigr
tion of the magnetic field is to further confine electrons al-is exponentially damped by the distance it covers, it is suffi-
ready localized around the impurity. This would result in acient to ignore backscattering and focus on theected
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paths that only undergo forward scattering between the initial
and final impurities.
The initial numerical studies of the NSS modeh rela-
tively small systems(Ref. 5 indeed confirmed that it yields
the correct sign for the MC. Subsequently, Sivan, Entin-
Wohlman, and Imry provided a theoretical analysis that
agrees with much of the early NSS results. The critical hop is
identified from the condition of producing a percolating net-
work of random resistor® while the probability distribution
for individual hops is calculated by assuming that the con-
tributing virtual paths are uncorrelated. The latter assump-
tion, which we shall refer to as the independent path approxi-
mation (IPA), was shown to be invalid by Shapir and
Wang! since, in low dimensions, the paths must intersect at
some scattering sites. Eventually, the correct form of the
hopping probability distribution was calculated by Medina
et al,*2 by incorporating the correlations between the virtual
paths and using logarithmic averaging. The analytical results, i
confirmed by extensive numerical simulations, indicate that
the positive MC in this model actually corresponds to an
increase in the localization length with the magnetic field in
the absence of spin-orbiSO) scattering. This prediction is
supported, at least qualitatively, by recent experiments on
InO Ref. 2 and YSt2 While the IPA scheme cannot produce Il. THE NSS MODEL
a change in the localization length, an alternative approach to Low-temperature conduction in the strongly localized re-
strong localization, based on random matrix thédrglso  gime is dominated by thermal hopping. At the lowest tem-
produces such an effect. The latter, which is exact only foperatures localized electrons lack enough thermal energy to
guasi-one-dimensional systems, predicts a doubling of thbop to neighboring sites. On the other hand, electrons cannot
localization length. wander too far away from their localization point due to the
There are conflicting theoretical and experimental obserexponential decay of the wave function. The balance of these
vations in the presence of spin-orbit scattering. The first exeompeting tendencies results in an optimal hopping length
perimental study on In@Ref. 14 showed MC behavior re- and leads to Mott’s law for VRH.Each of these hops may
sembling that of the weak localization regime; i.e., a positivebe represented by an effective resistoopping probability
MC for low fields, changing to negative at higher fields. Onin a network that can then be solved for the macroscopic
the other hand, more recent experiméhtsn YSi show conductance of the sample. The picture of the
negative MC for all applied fields. On the theoretical side,Miller-Abrahamg® (MA) network is central to the under-
both the IPA schem& and the correct accounting of standing of hopping conduction. The effective resistance of
correlations® yield a positive MC without changes in the the MA network was first estimated by Ambegaokar, Halp-
localization length(In fact the IPA results for MC are exact erin, and LangefAHL ),'° and Shklovskii and Efro¥’ using
in the presence of strong SCFinally, the random matri¥ ~ a percolation argument: Due to the exponentially large val-
approach finds a negative MC caused by a universal decreases of the resistors in the network, the macroscopic conduc-
of the localization length by a factor of two. These issues aréance is dominated by a single bottleneck resistor on a per-
discussed in greater detail in Ref. 17, and will not be dis-colating network.(We shall later discuss the modifications
cussed further in the present work. due to multiple hop$.This simple argument provides a pow-
In this work we study the NSS model in three dimensionsgerful tool, since it is then sufficient to determine the varia-
with and without spin-orbit scattering. An important new fea-tions of a single hop with various externalpplied fields or
ture is that we must now take into account the relative direcinternal (doping, correlation effects, anisotropyhysical
tions of the magnetic field and the dominant hop. This issu@arameters’
is most relevant experimentally for samples that are small The model proposed by NSS examines QI effects for the
enough(or at such low temperaturew® include only a single dominating hop. Due to the long distance of the hop, typi-
dominant hop. By measuring the MC anisotropy as a funceally R~ &(To/T)Y(P*D~ (20— 50)¢, electrons scatter off
tion of the direction of the magnetic field, it is possible to many impurities on route to the final site. While at the end of
locate the orientation of this dominant hop. Field depenthe process there is some loss of phase coher@hee to
dences parallel and perpendicular to this orientation can theinelastic scattering by phononghe intermediate scattering
be used to further test the current models of coherence in thie elastic. To study QI processes for the hop, the NSS model
localized regime. There is, however, a certain amount of inplaces the impurities on the sites of a regular lattice, e.g., the
ternal averaging when the conductance is dominated by sewubic lattice in Fig. 1. The interference effects are maximized
eral hops. Some insight about the nature of the hops can théhthe initial and final sites for the hop are chosen at diago-
be obtained by examining the MC anisotropy of thin films, asnally opposite end points. Electrons can then follow many
a function of their thickness and orientation to the magnetidifferent virtual paths from the initial to the final site. The
field. overall tunneling amplitude is computed by summing all

FIG. 1. The NSS model on a three-dimensional diagonal lattice.
Impurities are located on the sites.
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(virtual) paths between the two points, each contributing an
appropriate quantum mechanical complex weight. These
weights are obtained from an Anderson tight-binding Hamil-

tonian HOP DIRECTION HOP DIRECTION

+W with probability p,

—W with probability (1—p), Effective areas threaded by field

Coherent hop in the Miller-Abrahams network

7//:2 eia;rai-f—% Vijai-raj, (1) y
ij

wheree; are the impurity site energies, aNg represent the
nearest-neighbor couplings or transfer terms. NSS further
simplify the problem by choosing site energies distributed
according to

€=

and a transfer term
eos s . BII BJ.
v [V if i,j are nearest neighbors,
ij=

tion, the Anderson parameter is taken to be much smaller

than 1 (//W<1). This corresponds physically to a strongly

disordered sample where the width of the band2V) cen-

tered at energies W is much smaller than their energy dif- A=Ct A=Ct?
ference to the Fermi level.

The effective hopping matzrilx element can be computed G, 2. The figure depicts how effective areas that arise from
using a locator expansion: ~ The overlap amplitude scaling can be derived from random walk arguments.
(Green'’s functioin between the initial and final sites is given

by

0 otherwise.
We shall henceforth set=1/2. To describe strong localiza- . ‘
t

cal studies(mostly in D=2) based on this method are dis-

VeAr cussed in Ref. 17. Briefly, the probability distribution for
, (2 J(t) is quite broad. Itdogarithmis a universal function with

a mean proportional to, and variance growing ag®, with
where |®) represents the state with a localized electron a depending on the dimensidd. Since the mean and vari-
the initial site, and¥ *) the state with a localized electron at ance of the(log) distribution are independentwo param-
the final site;Er is the Fermi energy, which will be set to €ters are necessary to describe the tunneling probability.
zero, andAr is the phase acquired by the electron due to thd1igh moments of the distribution are, however, nonuniver-
magnetic field on patii’. In principle, the sum is oveall ~ sal, and dominated by exceptionally good realizatfghs.
pathsI" between the initial and final sitgéncluding back- In discussing the change in the tunneling probability in a
scattering. However, forV/W<1, only the shortesforward ~ Magnetic fieldB, NSS introducedithe important concept of
scattering paths need to be include@or a more detailed the effective “cigar”-shaped area through which the field
discussion and justification on this point, using an analogyP€netrates. Naively, typical directed paths execute a random
with high-temperature expansions in the Ising model, se&valk in the transverse direction, so that a path of lerigth
Refs. 17 and 22 Neglecting backscattering, we obtain for Wanders away a distance of the orderttf. As shown in

(@lcE)v)=2 11

E|:_EiF

paths of length, Fig. 2 the area presented to a magnetic field perpendicylar to
_ such paths thus grows as, «<txt¥?=t%2 and the MC is
v\t directed ‘ expected to be a function of the fli¢*?. This is indeed the
(i|G(E)|fy= (V_V) J(t), J)= E H nir,e'AF’. case in the absence of randomness, where the exact response
e 3 of the sum over directed paths D=2 (Ref. 12 initially

decreases &8?t3. The above argument does not work in the
The sum is now restricted to directed paths, and presence of randomness, where typical paths have superdif-
7=5sgn(e;) == 1. The interference information is captured fusive transverse fluctuations that growtaswith {> 1/2.%
in the functionJ(t), while the factor ¥/W)! is the leading However, the scaling functionare notsimply modified to
contribution to the expected exponential decay of the localdepend orBt'*£. In the presence of spin-orbit scattering, the
ized wave function. behavior is qualitatively similar to the pure case: there is a
The transfer matrix approach provides an efficient nupositive MC, initially scaling as82t3, which saturates at a
merical algorithm for computing(t). As described in Ref. finite (t independentvalue. By contrast, in the absence of
22, this method allows summing over the exponentially largeSO, the(positive MC grows unbounded witl. This is be-
number of paths in polynomial timéypically ~t° for D cause the effect of the magnetic field is(monuniversal
dimensiong The results of extensive analytical and numeri-increase in the localization lengt§, initially scaling as
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The inset shows a reduction of
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20 power-law dependence on the
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B2 The appropriate scaling variable in this caseBig, However, most of our numerical results in the absence of SO
although numerically one finds a small preasymptotic regimepertain to a preasymptotic regime for which we have no sat-
with Bt¥? scaling. There is currently no satisfactory expla- isfactory theoretical understanding, but which are most prob-
nation of the crossovers in the absence of SO. ably of experimental importance.

The replica argument§suggest that the same asymptotic
behavior for the MC should be observedin=3, as long as
the magnetic field is perpendicular to the hopping direction.
However, it is also possible to consider fields parallel to the Figure 3 shows the MC and its fluctuations for a magnetic
hop. The transverse area presented to the magnetic field Wfigld parallel to the hopping direction. For the largest values
typical diffusive paths(see Fig. 2 now grows asA;  of B, itis clear that IflJ(t,B)|/|J(t,0)|]* grows linearly with
ot 1172 suggestingB|t as the appropriate scaling argu- the lengtht of the hop. This is indicative of an exponential
ment. This simple argument was first presented in Ref. 24¢orrection to the conductance due to an increased localiza-
along with preliminary numerical support. The anisotropiction length in the magnetic field. It is only after about
field dependence was verified recently by Lin and Rfdn  t=400 that reasonable linearity is achieved, so rather large
the IPA approach. In the next section we present detailedystems must be examined to study the true asymptotic limit.
numerical results pertaining to the anisotropy of MC in A similar positive MC (and increased localization length
D=3. behavior is also observed for the perpendicular field orienta-
tion. Concurrently, there is a reduction in the magnitude of
the fluctuations in the tunneling probabilifinset of Fig. 3,

lll. NUMERICAL RESULTS FOR A SINGLE HOP and there appear to be strong correlations between changes

As the distribution of the tunneling amplitud¢t) in Eq.  in the average of the log conductance and its fluctuations.
(3) is broad, care in averaging is quite important. We typi- This is also the case D=2, where a replica argument
cally averaged the logarithm of the transition probabiling ~ suggests that these two quantiti@sdeed the whole prob-
conductance over 2000 realizations of randomness. Theability distribution) are governed by a single parame'tef?
equivalence of the logarithmic averaging used here, and the Most of the data in Fig. 3 pertain to a preasymptotic re-
percolation analysiéat least in the weak-field limithas been  gime, before the change in localization length becomes ap-
discussed in Ref. 9, where the authors emphasize that avdtarent. Since the length of the hop in most experiments is
aging should only be done on the critical subnetwork. Theonly of the order of(20-5Q¢, it is useful to explore this
transfer matrix method allows us to examine systems of sizéegime carefully. In Fig. 4 we present an attempt to collapse
t=600 in the wedge geometry. Furthermore, after studyinghe numerical data in this regime for different valuesBof
the dependence of the computed amplitudes on the laterandt. The collapse for the parallel field orientation is dem-
dimension, we also used a bar geometry with dimensiongnstrated in Fig. @&); the maximum hopping length in this
1500x 200X 200. This is reasonable if the important pathsgraph ist=600, while fields go up to 0.1 flux quanta per
have transverse fluctuations smaller than 200, which waglaquette; all in the preasymptotic regime. The choice of the
found to be the case. As discussed before, our main focus Bgaling variableBt is consistent with the flux through a
on the different responses for fields parallel and perpendicusection of the NSS “cigar” perpendicular to the hop direc-
lar to the hop direction. We discuss separately the MC witHion (A”oc\ﬁx \ﬁ). Two regimes are apparent in Figak (i)
and without SO scattering. The results in the presence of S@r the lowest fields (%10 °¢, per plaquette and sizes
are easily interpreted and offer no fundamental surprisegt=10—100) there is a linear increase with the variable

A. MC without spin-orbit scattering



53 MAGNETOCONDUCTANCE ANISOTROPY AND INTERFERENE. . . 7667

100

10 ¢

ALn IJ(B)I?
[=]

0.01 -
0.001 | . ‘ . . .
0.001 0.01 0.1 1.0 10.0 100.0 FIG. 4. The collapse of the log conductance
x=Bt data with the appropriate scaling variablé®
- Bt in the case the field is parallel to the hop and
100 F (b) Bt*2for fields perpendicular to the hop direc-
: tion. The scaling variable tells about the relevant
area threaded by the field.
10 -
N—
m o1r
o’
-
=
-1 0.01 -
<
0.001 |- -
0.0001 |- ] 1 1 1 1 ] ] I

0.001  0.01 0.1 1.0 100 1000 1000.0 10000.0
2
x=Bt¥

Bt. (ii) For intermediate fields and hop sizes, when approxigime where presumably the relevant scaling variable is
mately one flux quantum penetrates the NSS “cigar,” there isBt?.1” The latter scaling suggests that the magnetic length is
a nontrivial apparent exponent. The behavior in these rethe relevant length scaf8.We were not able to clearly ac-

gimes is summarized by cess this regime as cumbersomely large systems must be
simulated.
It is interesting to compute, on the basis of the above
2 — . . . g
nw :{ 1.8 for Byt<1 results, the anisotropy in conductance of a single critical re-
13(t,0)] (aiBjt)*r for Bjt>1, sistor. We shall define an anisotropy parameter,
wherea; =0.38+0.02. _ . _ (In|3(t,B, =B)|?—1In|J(1,0)|?)
The corresponding collapse for fields in the perpendicular B(Bt)=

— 2_ 2\ !
orientation is presented in Fig(B). In this case the appro- <|n|‘](t’B”_B)| In|3(4.0)1%)
priate scaling variable iBt*? again consistent with the flux thus making contact with the original experimental definition
through the NSS “cigar.” Once more, two different regimes of Ref. 2. Depending on the strength of the magnetic field,

are identified, with this anisotropy shows different scaling forms: For the small-
est fields, such that¥?<1,
|3(t,B,)[2) ]0.68,t¥  for B,t¥<1 0.68132 ”
n——— | = 5 = -
|3(t,0)] (b,B,t¥?) %2 for B, t3%>1, ®) T 0.47

and a,=0.25+0.02. We again emphasize that the secondn this range the anisotropy is field independent, but changes
regime above is still preasymptotic. For larger systemswith temperature since= £(To/T)Y There is an interme-
(200 200x 1500) the log conductance crosses over to a rediate regime wher@&t¥2>1 while Bt<1, and
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5.0
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ﬁ FIG. 5. Field dependencies for parallel and
> osf perpendicular field directions wheBt*?>1 and
E for a single critical resistor. The numbers indi-
| cated correspond to the number of flux quanta
< piercing the elementary plaguette of our lattice
model.
[ ]
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0.05 | , . .
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B B2~ 1tl5x—1 where o indicates the electron spin. The constant nearest-

neighbor hopping elements in Eq. (1) are no longer diag-
onal in spin space. Instead, each is multiplied By, a
randomly chosen S@) matrix that describes the spin rota-
tion due to strong SO scatterers on each b Equation
which, using the numerically estimated values, is approxi{2) for the overlap of wave functions at the two end points
mately independent af and has a weak field dependence agnust now include the initial and final spins, and has the
B=1/B%13 Thus anisotropy is reduced when the field in-locator expansion

creases as shown in Fig. 5. Qualitatively similar behavior is

which depends on botB andt. Finally, for Bt>1,

Boc Ba27alt1-5a27al,

observed in InO samples for sufficiently high fields in Ref. : , vehry
o7 P y e (iolc®lfe) =3 1 =—— @
. r ip f Elr
B. MC with spin-orbit scattering Each bond along the path contributes a random spin rotation

When spin-orbit active impuritie&doping with heavy el- U and a phase factdxr due to the magnetic field, resulting
ement$ are taken into account, the NSS model must be gen'—n
eralized to include scattering of the spins. The tight-binding

— /i r\ — t
Hamiltonian is now modified to 2=(ia|G(0)[fa") =W(VIW)J(1),
=2 €@l it 2 Vijewdl e (6 with J()=2 [T me*ru. ®)
Lo (ij).o0’ rir
1
BII
-1
1x10
10%
a 2 FIG. 6. Magnetoconductance in the presence
- . 1x10 of spin-orbit scattering. The relevant log conduc-
5 10 tance is no longer linear ih for large hopping
< lengths, indicative of no changes in the localiza-
i -3 tion length due to the field. Each curve is labeled
o 1x10 by the number of flux quanta piercing the el-
10 ementary plaquette.
1x107
10°F  sx107% . . . .
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After averaging over the initial spin, and summing over thefield-dependent value for sufficiently long hops. The scale of
final spin, the tunneling probability is fluctuations in(the logarithm of I(t) is not significantly
modified by theB field. As in D=2, turning on the SO
scattering from zero, thus switching from an orthogonal to a
symplectic Hamiltonian, is accompanied by an increase in
the zero-field conductance, and a concomitant reduction in
1 conductance fluctuations.
with I(t)= EU(JTJ)- 9 Figure 7 demonstrates the collapse of the MC data for
fields both parallel and perpendicular to the hopping direc-

For a three-dimensional lattice we studied numerically thetion' For' fields parallel 'to the hopping directipn the appropri-
statistical properties of(t). Using a transfer matrix we ate scaling parameter is 298@[’ Co”e_sp"”d'”g to the flux
evolve paths of length= 600 in the wedge geometry, aver- through the areadj(Vt)%. The scaling function has the
aging over 2000 realizations of randomness. As in the previl®rm
ous section, we also used the bar geometry to comidtije
for systems of size 200200X 1500. We checked the bar-
geometry results for crossover effe(i®cause of the smaller
lateral sizesand confirmed that their behavior is effectively
three dimensional. The numerical results are shown in Fig. 6,
and have the same qualitative features as in two dimensions:
Unlike in the absence of SO, there is no linear increase oFor fields in the perpendicular orientation, the appropriate
A Inlgo(B,t) with system size, and the MC saturates to a area isA, «t*? (see Fig. 2 leading to a scaling function

1
T= Etr(,,/{;%) =W2(VIW)2 (1),

| o 0.4Bft? if Bjt<1 0
I(t,B))—Inl(t,0))= - !
(lEB =M=l o2 i gr=1. 19
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0.1B%t® if B, t%%<1 \

(Inl(t,BL)—InI(t,O))zlC~02 B (3251 (11
. N .

The saturation value, when one flux quantum threads the 0
appropriate area, is roughly the same in the two cases.

1 ’
The anisotropy parameter in the presence of SO is /

[ 0.28 if Bt¥%<1

7l it B, /‘
with a small crossover region betwedt®?~1 andBt~1. /

We thus obtain a hopping-size-dependent anisot(@gyich \\\\\\\\\x\\\\\\

might show up as a temperature-dependent anisokropy

low fields. For higher fields, anisotropy in the presence of R

SO scattering disappears as the field is increased beyond a

flux quantum through the smaller of the typical areas found FIG. 8. Angle convention used to perform averages over critical

above. In order to properly compare with experiments, oneiop directions. The magnetic field is along thexis making an

must average over different magnetic field orientations aangled; with the principal axis of the ellipsoid containing dominant

discussed in the next section. paths. The relevant magnetic flux penetrates through the largest
The MC in the presence of SO can be explained by &ross section of the ellipsoid perpendicular to the magnetic field,

replica analysis. After averaging over the impurity potentiali.e., an ellipse of minor axia and major axis.

€= *W, the momentI(B,t)") is obtained as a sum over

n palreg paths. The pairings can involve paths taken fromy /T can be regarded as a measure of disorder strength; it
J andJ’; the contributions from the magnetic vector poten-j,.reases when the density of states at the Fermi level, or the
tial cancel for such “neutral” pairs, which do not contribute |,4ji7ation length, decreases. As disorder increases, the vol-
to the MC. It is als_o possible to construct pairs with both, o qominated by the critical NSS resistor gets larger.
paths taken from eithed or J%; such “charged” paths are o, samples of siz&>/, many hops contribute to the
responsible for magnetic response. An interesting feature Qfonductivity, and the overall MC must be calculated from

averaging over strong SO scattergtse matrices in EQ.  hejr averageresponse. Using the experimentally repofted
(8)] is that the charged and neutral paths become completelyata, we can estimaté: For samples of thickness= 100

decoupled and can be treated independéffiihus the MC g 414 hopping lengtit~ (3—4)d, one obtains’~1000 A.

with SO is (rather fortuitously calculated exactly by IPA: Although this length is large compared to the sample thick-
there is no change in the localization length, and only a con:

. . . ) | ess, it is still very small in comparison to the sample planar
stant increase in the tunneling amplitude. Recently Lin an(gimensions (186 mm for the experiments in Ref).2Many

Nori®® computed the field dependencies in a scheme that i

lequivalent to IPA Ln two g.?d three c_iimgr;sio(fﬁﬂe equivlz_i- fwith a presumably different orientation with respect to the
ence to IPA can be r‘faa Y recogn’!ze rom the equality o magnetic field. In the following paragraphs we shall perform
the moments of the “conductance” to those of a Gaussia

btained i ¢ h I field limit Li q , n average over the directions of the NSS cigar-shaped re-
0 ta_me in Ref. 23.1n t.e small fie |m!t Lin and Nori gion with respect to the magnetic field. We shall assume that
confirm exactly the scaling variables derived by“usere,

) ; . the electric field is sufficiently weak so that the relative ori-
for the two field orientations. Another notable feature of the y

: 2 . , entations of the hops are still randomly distributed in
?F?At\a;;;rod:(:kgependence for small fields, as expected in thespacel_s,zgv\,e expect that for thick sampléas compared to

the hopping length) the averaging over all possible direc-
tions of the hop removes the anisotropy in MC, as seen in
experiments. On the other hand, for thin samples such that
) d<t, the restricted averaging over effectively two-
So far we focused on the response of a single hop to gimensional hops should lead to significant field anisotropy.
magnetic field. However, the percolation arguméhtSfor  gych thickness-dependent anisotropy is indeed observed in
the Miller-Abrahams network lead to the conclusion thatihe experiments of Faran and Ovadydtand those of Orlov
critical resistors dominate only over a correlation length  3nd Savchenkd?
Starting frpr_n the properties of a percolati_on cluster_near the \we shall assume that the appropriate cigar-shaped region
threshold it is concludédithat a single hop is responsible for for calculating magnetic interference phenomena is an ellip-

7

fiops thus influence the conductance of these samples, each

IV. AVERAGING OVER MANY HOPS

the overall conductivity only for length scales up to soid of revolution as depicted in Fig. 8. The major and minor
T\ (+1)/(D+1) axes of the ellipsoid are denoted byand a, respectively.
/Ng(_o) ' (12)  Following NSS, D=t is the length of the dominant hop,
T while a= \t¢ is a typical diffusive distance in the transverse

wherev is the exponent for the divergence of the correlationdirection. Consider a magnetic fiell at an angled, with
length close to the percolation threshold. The macroscopitespect to the major axis. We take the relevant magnetic flux
system is then built by superposing many blocks of lengtito be that which penetrates the projection of the ellipsoid
/. Therefore, in general, many critical hops contribute to theonto a plane perpendicular to tBefield, as indicated in Fig.
conductivity of a large sample. In Eq12) the variable 8. This projection is an ellipse of minor axés and with a
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major axis of lengttt = \a’cos6,+b’sirf6,. In previous sec- .
tions we demonstrated that in the weaker field regimes 12 1
A In[J(B,t)|?=(|®|”), where® is the appropriate flux. In the
presence of SOy=2 as justified by IPA, whiley=1 in the 14
absence of SO from the numerical results. In the following,
we shall focus ony=2, which has a better justification, and o 10
for which it is easier to compute the average, E
(®?)=((macB)?) 0.9 .'
= 72B2a[b2— (b2 —a2)(coL6,)]. (13) o8 I
In performing the average over hop orientatiohs we o7 M
distinguish between the following regimes: ) -
(i) The behavior of samples of thickneds>t is effec- 80 60 10 20 Y
tively three dimensional. All orientation®, are equally Angle (degrees)

likely (in low voltage bia and{cog6¢)=1/3. The averaged

response is isotropic and depends upon FIG. 9. Theoretical curve computed from H@8). The experi-

5 2 o mental data correspond £e=85 A, t=280 A, and sample thickness
2\ _ B m 24 42 d=250 A. Notice how the curve falls towards=0 (parallel to
(D7) (2b“+a“). (14 ! -
3 samplg, closely resembling the experimental data of Ref. 2.

The characteristi®? dependence is a signature of the IPA, o ) )
and is also observed experimentally for small fields. In factdgrees qualitatively with the experimental data. Another per-
the flux through a typical interference region in Ref. 2 is oftinént comment concerns the experimental data of Laiko
the order of 0.Bc/e, which corresponds to the regime etal:" they compare results for fields parallel and perpen-
Bt32<1. dicular to the current directiofwhile the field is in the plane
(i) For a<d=t, the range of orientations of the cigar is Of the sample On averaging over hop directions, the MC for
limited by the finite thickness, leading to MC anisotropy. these configurations should be identical, in agreement with
Consider a magnetic field at an angtewith respect to the  €xperiments, except for very disordered samples wHei®
plane of the sample. We shall indicate the orientation of the®© large that averaging is not appropriate. _
major axis of the ellipsoid by a polar angle(with respect to (iv) Finally for d<a, the NSS cigar is flattened into a
the normal to the sampleand an azimuthal anglé. Be- Pancake and is no longer ellipsoidal. The behavior is gener-
cause of the finite thickness, the range of @slimited to ~ 2lly two dimensional, withd = 7abx Bsina. This formula
the interval[—d/2b,+d/2b], and allowed angles in this Preaks down only at very small angles such thatd/b, for
range are weighted by which (&%)~ (Bmda)“/2. _ .
2b/d— 4b2|cosd|/d? if |coss|<di2b Clearly, the gengrql tendency is tha’F as temperature is re-
p(cos) = _ duced(hence D=t is increasey the ratiod/t gets smaller.
0 if |cosp|>d/2b. As indicated by the above sequence, this leads to more and
(15  more pronounced effects in the MC anisotropy. This is in-
The relative angle between the field and the major axis of th&€€d consistent with the experimental observations. In prin-
ellipsoid is obtained from ciple, the temperature dependence of this increase could be
measured experimentally and compared to the above theo-

COY;= Ccosx Sinf cosp+ Sina coH. (16) retical formulas

Since all azimuthal angles are possil{leos$)=0, while
(cog¢)=1/2; and from Eq(15) (cogh)=d%/8b?. Thus, we
finally arrive at V. DISCUSSION

d? cofa 3d2 In this paper we studied the NSS model for quantum in-
(cos'fy) = ,

szt 2 |1 12 (17 terference effects of a tunneling electrorir= 3. The three-
dimensional geometry allows us to consider the relative ori-
which describes the MC anisotropy, when substituted in Egentations of the hop and the magnetic field. The effect of
(13. both spin-orbit active and inactive impurities were taken into
(i) Another limit that is easily accessible is for=a.  account. The results indicate that, in the absence of SO im-
Now all the ellipsoids lie in the plane, and &s0, leading purities, there is positive MC due to an increase in the local-

to (cog6)=coga/2. From Eq.(13) we then obtain ization length for fields both parallel and perpendicular to the
2,252 hop direction. Furthermore, the MC data for different fields
(D?)= > [2b2—(b2—a?)coga]. (18)  collapses onto universal curves using the scaling variables

B, t32 andB;t for the two orientations. This implies that, at
This particular limit is plotted in Fig. 9, and can be comparedleast in the low-field regime, crossover effects are controlled
to experimental data for the angular dependence of (stC by the flux penetrating an NSS cigar whose transverse size
fixed temperature and field strengthThe parameters grows diffusively(as yt).

a=t¢ and D=t in this figure are chosen to correspond In the presence of SO impurities, the numerical results
with those reported in Ref. 2. The general form of the curveagain indicate a positive MC, but as in two dimensions, no
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change in the localization length is observed. No reduction initeraturd=* with L>/ are governed by many hops. Our
the fluctuations is obtained in agreement with the replicastimate of/ based on published experimental daitadi-
arguments’ The results in this case are the same as thosgates that it is much smaller than typical sample planar di-
obtained from an independent path approximation. The MGnensions. Thus, averaging over many hop orientations is in-
grows initially asB? for both parallel and perpendicular ori- evitable, washing out the predicted anisotropy fingerprint of
entations as expected. Its anisotropy disappears for larggsingle or a few hops. Nevertheless, anisotropic behavior is
enough fields as the MC saturates to roughly the same coRtill expected for sufficiently thin samplésr at low tem-
stant in both directions. This could be checked experimenperatures This is because when the length of the cigar be-
tally in the thin-film limit (d<t) for samples doped with comes comparable or larger than sample thicknessd),
heavy elements. the hops are forced to lie mostly parallel to the sample plane.
The most spectacular manifestation of these results is thehis restriction on hop orientations then leads to an MC
possibility of observingbulk MC anisotropy when the  anisotropy that becomes more and more pronounced upon
sample is small enougtor the characteristic length |owering temperature. Appearance of such anisotropy in thin
/= E(To/T)+ DI+ is Jarge enoughthat only a single  films has already been observed in insulating InO sanfples.
hop (or just a few dominates the macroscopic conductanceln principle, the variations of anisotropy with temperature
The sample will then exhibit a “fingerprint” in its MC an- can be measured accurately and compared to the formulas
isotropy, and the random orientation of the critical hop canderived in the previous section. Measurements of anisotropy
be determined by bulk anisotropy measuremefitss pos-  can thus provide an additional experimental tool for tests of
sible that this phenomenon explains why the experiments afjuantum interference models.
Laiko et al.” go from isotropic to anisotropic behavior as
disorder is increasetf) Large values for” may be achieved
by either choosing samples with lower density of states at the
Fermi level, or larget/&. Other manifestations of thdisor- We have benefited from discussions with R. F. Angulo, M.
der length scale” (including bulk MC anisotropymay oc-  Araujo, M. P. Sarachik, and Y. Shapir. M.K. is supported by
cur under strong voltage bid3jf the electric field reorients the NSF through Grant No. DMR-93-03667. E.M. thanks
the critical hops; constraining the average over hop orientatNTEVEP S.A. for permission to publish this paper. This
tions to within a cone. work was supported by the MIT-INTEVEP Collaborative
However, the conductance of most samples studied in thResearch Agreement.
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