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In the previous Comment1 James says that truly rando
numbers are by definition produced by a physical proces

We agree that this can be a definition. However,
should note that there are other definitions of randomn
For instance, there is the algorithmic complexity theory.2–6

In this theory the complexity of a sequence is given by
length of the smallest program~measured in bits! necessary
for the computation of the sequence. The shortest prog
which produces a random sequence cannot be compre
and its length is of the order of the length of the seque
itself. The algorithmic complexity theory is a very beautif
theory. Many strong theorems have been proved in
framework of this theory. However, the algorithmic com
plexity theory cannot be applied to the investigation of
empirical, experimental time series because, in general,
impossible to determine the length of the program that p
duced the time series. For example, the digits of some c
putable irrational numbers look perfectly random to a sta
tician, but the required computer programs are very shor
fact, randomness in a statistical sense and randomness b
on the program length are very different. The reason for
difference is that it is possible to write a program whi
gives the firstN digits of some computable irrational num
ber, but it is very difficult to write a program which givesN
consecutive digits starting at some random position.7 Be-
sides, the results of the algorithmic complexity theory are
applicable to the actual generation of random sequences8–12

There are computability problems in the algorithmic co
plexity theory.8–12

Recently, there have been very important developme
in the study of randomness based on the concept
unpredictability.8–18 The concept of unpredictability is re
lated to the intuitive notion that random sequences should
unpredictable in advance. On the other hand, the concep
unpredictability can be shown to be related to the concep
statistically independent numbers. In particular, we belie
that this should be the most important property of rand
sequences.

To be precise, we will consider a sequence unpredicta
if given any finite stringX0 , X1 , X2 , . . . , Xm ~wherem can
be any integer!, anytime we find this string again in the s
quence in several places, the next numberXm11 can take
different values. That is, the next value is not determined
the previous values.
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Now let us make the following ‘‘thought experiment.
Suppose we have found some mathematical method for
ducing unpredictable time series. These numerical time
ries are transformed into analog signals using a conve
Then these analog signals are used as the voltage sour
some experiment with nonlinear circuits. After that, the c
rent in some point of the circuit is measured by a physic
who does not know the general mechanism of the circuit
the source of the noise. For him this is a black box. Anyw
he is sure that this is a physical process. From the obse
tions he cannot obtain a law that could describe this ti
series. For him this is like noise. Is this a random proces

Recently19,20 we have shown that functions of typeXn

5P(uzn) ~whereP(t) is a periodic function andz is a non-
integer number! can produce random dynamics. Using t
theory of these functions we have shown that autonom
dynamical systems can also generate random dynamics.
following system is an example:

Xn115H aXn , if Xn,Q,

bYn , if Xn.Q,
~1!

Yn115cZn , ~2!

Zn115sin2~pXn!. ~3!

Moreover, with the help of this theory we have been able
predict new random phenomena. These predictions h
been corroborated by real experiments.

In Ref. 20 we present real physical systems that c
produce this kind of random time series. We have perform
real experiments with some of these systems. In particu
we have shown that a Josephson junction coupled to a
otic circuit can generate random dynamics. We have app
several statistical methods to the produced time series.
general result is that the dynamics behaves as random n
For these systems we have mathematical models. The m
els produce the same kind of random dynamics generate
the physical systems.

This is a random dynamics produced by a physical p
cess. So it is truly random. Can we call the same dynam
generated by the mathematical model truly random?
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