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m Limite semiclasico de una teoria cuantica de campos
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L Motivacion

Ecuaciones efectivas en teorias cuanticas de campo

Ecuaciones efectivas en teoria cuantica de campos

m Definamos el funcional generatriz de la amplitud de transicion
Z,[Ji] = (outlin), = /(qu)(Dﬁ)e%ff‘;o dt(Ha+dig')

m La transformacion de Legendre del funcional generatriz de los
diagramas conectados es

M[6] = iklog (Zx[3]/Zo[3]) - /fo dtdi

m Si el vacio es estable, (out|@'|in) = 0, concluimos que

9

FA[8'],.c = S [¢' — iRAT[¢ 6@] ok = —Jk =0
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Preliminares

Formulacion geométrica de la mecanica cuantica [ashtekar&schiling'97]

m Se basa en que todo espacio de Hilbert H es un espacio
métrico equipado con una estructura simpléctica

nl€) = £G(n,€) + 21, £) y G(n, &) = Q(n,i).

m Dado el operador Hamiltoniano H = 3", En|n)(n|, definamos el
Hamiltoniano en un punto W del espacio de Hilbert cuyas
coordenadas son W, = (n|W) Hg := (V|H|V) = > Ep|V,[?

m Podemos también calcular el corchete de Poisson asociado a la
estructura simpléctica {ReV,, ImV,} = 556

m Para finalmente obtener las ecuaciones de Hamilton

d E
GRevn = {ReV,, Ho} :;Tn'm\"”’
d E
—Im¥, = {Im¥,,Hy} =——ReV,

at h
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Preliminares

Formulacion geométrica de la mecanica cuantica

Pueden usarse coordenadas F (V) := (W|F|W)/(W|W¥) sin
perder informacion del espacio proyectivo de Hilbert.

m Definamos la derivada de Lie

o d (VR |Vt t)
dF ()l := dt (W +ty|V +tn)

Un campo vectorial Hamiltoniano Xr es asociado a una funcion
F através de la ecuacion dF (n) = Q(Xg,n) para obtener

1 .
Xelo = —(F — F)W
Flw m,( )

Finalmente, podemos definir el corchete de Poisson evaluando
la estructura simpléctica

(F.G} = (X . Xo) = - (IF. 6]
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m Estudiemos el algebra de Heissenberg [X',X!| = ihe! generada
por los operadores fundamentales X% := g y XP := p

A~

m Escojamos coordenadas x' = ({G), (p)) donde i =q,py

Gt — (R — x(i2).._(Rin) — xin))) éo( (D). xie (Rt &)Y,
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Coordenadas de H y sus corchetes de Poisson [sojowaldeskirzewskios]

m Estudiemos el algebra de Heissenberg [X',X!| = ihe! generada
por los operadores fundamentales X% := g y XP := p

A~

m Escojamos coordenadas x' = ({G), (p)) donde i =q,py
Girehn = (R (1 — x (i) (KMn) — xIn))) = Z( (R )x U x (R, KIn))

m Usando el corchete de Poisson definido previamente, se obtiene

{x',xI} =,

{xI, G} = Q(Xyi, Xginoin) = 0, y

donde G*" := GP--PX-X cona = #py N = #p + #X.
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Evolucion cuantica Vs. Evolucién semiclasica

m Las ecuaciones de Schrodinger pueden ser reescritas ahora
como las ecuaciones de Hamilton de un conjunto infinito de
grados de libertad donde Hq := (H(X'))

Xi = {Xi,HQ}
Gil,...,in _ {Gil,...,in7 HQ}

m Si las variables cuanticas son pequefias, se dice que el sistema
es semiclasico. Definimos asi una expansion semiclasica por la
inclusién progresiva de grados de libertad cuanticos.

m Asi, cuando las relacizones de incertidumbre son casi saturadas
GUIGPP — (GUP)2 ~ oy [Glin] &~ A/2. Entonces, a primer
orden en i, las ecuaciones cuanticas vienen dadas por

i’ . 1
X! = €l(H(a,p), +5H(d,p).u G*) + O(1?)

G*"=—aH (a, p)aquaflﬁn*{Wza)H (d, PlqpG*"Hn-a)H(q, p)appGaH’n
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m A ler orden en i, usando el Hamiltoniano Hq(x', G’s) junto con
2 .z
GUGPP — (G%)? = & podemos encontrar una solucién general

Gitoreoion — (zn)!G(il,ig C Gl tin)

2"n!
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Estados coherentes dinamicos perturbativos

m A ler orden en i, usando el Hamiltoniano Hq(x', G’s) junto con
2 .z
GUGPP — (G%)? = & podemos encontrar una solucién general

Gitoreoion — (zn)!G(il,ig C Gl tin)

2"n!

m Esto implica que el estado del sistema viene dado como

(p'ld,p)e = = — 560 (1+HIGP)(p'—p)*+ip’q

= (2nGPR)/A°

m Por lo tanto, la estructura simpléctica es

1

ap PP
>Grp dG% A dG

Qg6 = 2(d|a, p)s,dd, p)s) = 2dg Adp +
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ecuaciones cuéanticas G'(q, p)
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Dinamica efectiva

m La evolucion efectiva esta determinada por la solucién a las
ecuaciones cuéanticas G'(q, p)

X' =f(x',G'(q,p)) + O(r?).
m Ejemplo: El oscilador anarménico H = -tp? + 1mw?q? + U(q).
Las ecuaciones para G' son resueltas en un limite adiabatico
h h U

———— GP —0yGP =21+
20/1+ 25

qu _
0 2 Mmw?




Estados coherentes dindmicos en mecénica cuantica

LFormula(:ic’m geomeétrica de la mecénica
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Dinamica efectiva

m La evolucion efectiva esta determinada por la solucién a las
ecuaciones cuéanticas G'(q, p)

X' =f(x',G'(q,p)) + O(r?).
m Ejemplo: El oscilador anarménico H = 5--p? + imw?g? + U(q).
Las ecuaciones para G' son resueltas en un limite adiabatico
h h U

———— GP —0yGP =21+
20/1+ 25

2 Mmw?
m Findlmente, a segundo orden en la expansion adiabatica, las
ecuaciones para las variables clasicas donde se ha usado
G' (g, p) concuerdan con las obtenidas por la Accién efectiva

1 EU"(q)? .1 Hw u” :
Feff[q(t)]:/dt > m+ (a) - qZ_EmMZqZ_U(q)_ 72“"<1+ (2))
’ u(g))? mMw
25m? (wz—s— o )

qq _
Gy =
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m Consideremos ¢(x) y P, (x) como los operadores
fundamentales que actlian sobre un espacio de Hilbert H 'y
siguen las relaciones de conmutacion

[2(x), Bo(y)] = 116 (x —y),
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El campo escalar cuantico

m Consideremos ¢(x) y P, (x) como los operadores
fundamentales que actlian sobre un espacio de Hilbert H 'y
siguen las relaciones de conmutacion

[2(x), Be(y)] = 1h6®) (x ),
m La evolucion cuantica esté especificada por H y el Hamiltoniano

A

= [ x| Lp2 o v Vo + Mo 4 U
= Zpg, P Vot 50 2+ U(9)
R3



Estados coherentes dindmicos en mecénica cuantica

LFormulacic’m geométrica de una teoria cuantica de campos

El campo escalar

El campo escalar cuantico

m Consideremos ¢(x) y P, (x) como los operadores
fundamentales que actlian sobre un espacio de Hilbert H 'y
siguen las relaciones de conmutacion

[2(x), Be(y)] = 1h6®) (x ),
m La evolucion cuantica esté especificada por H y el Hamiltoniano
1 m?
_ 3y | =h m- A
_/Radx[Zp“"—i_ =Vo-Vo+ 5 ¢ %+ U(9)

m Dado que el contenido de un estado esta especificado en las
funciones de n puntos, usamos los valores medios del producto
simetrizado de n operadores fundamentales como las
coordenadas del espacio de Hilbert

p(X) 1= (B(X)), Pp(X) := (P (X)) y G* (X1, -+, Xn)
GOM(xa, -+, Xn) = ((§(x1) = @(¥1)) -~ (B(¥n) — (%))
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| Asumiendo un potencial U(p(x)) = s1¢(x)* y usando
Ga2 fd3 ek(y— x)GaZ( %7%)

1 d3k A
Ho=H+ = /d3 2r7 [GE’Z(ZX)+(k2+m2+Ego(x)z)GE’z(Zx)
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Ecuaciones cuénticas de campo a primer orden en i

| Asumiendo un potencial U(p(x)) = s1¢(x)* y usando
Gaz fd3ye'ky X) GaZ( %7%)

1 d3k A
Ho=H+ = /d3 2r7 [GE’Z(ZX)+(k2+m2+Ego(x)z)GE’z(Zx)

m Las equaciones de campo generadas son
P(X) =Py (X)
B.x) = (0 — )0 — 500"~ [ %

A
3 5°(x)G*(2x)
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Consideraciones semiclasicas

Ecuaciones cuénticas de campo a primer orden en i

| Asumiendo un potencial U(¢(x)) = 2¢(x)* y usando

) =
Ga2 fd3ye'ky X) GaZ( %7%)

1 a3k A
Ho=H + = /d3 2y [GE’Z(ZX)Jr(kZerZJrEgo(x)z)GE’z(Zx)

m Las equaciones de campo generadas son

H(X) =Py (x)
) A d*k A
_ (92 _ m2), IEAPRY- B A 0,2
P00 = (32~ m3)el0) — 5olx)* ~ [ 53 5e()CE*(20)
m Y para los grados de libertad cuanticos

G2 (%) =(0.14+205.0)Gp ™2 (X) — (p.14+20p 2) (M?+k? — 92)GY M2 (x)
A
2

(b, + 20p,2) /d3 F; cosky cospy ¢?((y +x)/2)Gp~*(x)
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LSummary and conclusions

Summary and conclusions

m Hemos estudiado diversos regimenes semiclasicos de sistemas
cuanticos como sistemas clasicos con grados de libertad
adicionales.

m Se desarrollé un método para obtener ecuaciones efectivas que
concuerdan con las obtenidas por medio de la integral de
caminos en cierta clase de ejemplos.

m Proseguimos en la construccion de estados dinamicos
coherentes perturbativos.

m Se generalizé el escenario para el estudio de teorias cuanticas
de campo.
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Flat FRW’s inhomogeneous perturbationSpuknanovez]

m In general, scalar inhomogeneous pertubations around FRW
universe can be described up to coordinate transformations by

ds? = —a?(n)(1 + 2¢)dy? + a®(n)(1 — 2¢)dx?
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LCosmological scalar inhomogeneous perturbations

Flat FRW’s inhomogeneous perturbationSpuknanovez]

m In general, scalar inhomogeneous pertubations around FRW
universe can be described up to coordinate transformations by

ds? = —a?(n)(1 + 2¢)dy? + a®(n)(1 — 2¢)dx?

m Thus, the Einstein equations to zeroth and first order in ¢ are

.2 . N
a — K o= d/a 1/a
3= =xa’TY, ZafT@=-—(=-)->(=) and
a 4o % dt \a 2\a

a. a2 K
A¢—37¢—3?¢ = Sa%Ty
é+32 ¢+2< >¢+ o = gazaT;‘

. a K
Oa(d+29) = Za%Ta
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Semiclassical Loop quantum cosmology corrections

Semiclassical loop quantum cosmology corrections

m In a Hamiltonian framework , using Ashtekar
variablesiasniekars7 sarberoos, let us restrict to the cosmological
scenario where

EF(x) = p(x)a7 := a*(1 — 2¢)47

and _ _ _
Aa(x) = K(x)d5 + Ta(p(x))
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m In a Hamiltonian framework , using Ashtekar
variablesiasniekars7 sarberoos, let us restrict to the cosmological
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EF(x) = p(x)07 1= a*(1 — 2007

and _ _ _
Aa(x) = K(x)d5 + Ta(p(x))

m Regularize the Hamiltonian on a graph(cubic lattice) and
guantize choosing the Hilbert space as (Hqc)E
where E is the number of edgES[BojowaId,Skirzewski,et al.06].
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LCosmological scalar inhomogeneous perturbations
Semiclassical loop quantum cosmology corrections

m In a Hamiltonian framework , using Ashtekar
variablesiasniekars7 sarberoos, let us restrict to the cosmological

scenario where
E3(x) = p(x)6? := a?(1 — 2¢)52

and _ _ _
Aa(x) = K(x)d5 + Ta(p(x))

m Regularize the Hamiltonian on a graph(cubic lattice) and
guantize choosing the Hilbert space as (Hqc)E

where E is the number of edgES[BojowaId,Skirzewski,et al.06].

[e3

| NOW, asin LQG [Thiemann'98]
1 1 1 ;
_ L A 2 A 2 _ — 5 ijjoo-

P = (/B +moZ — /b — o) = a(p)p? + 0(G"")

Nl
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Quantum corrected Hamiltonian

Quantum corrected Hamiltonian

m The semiclassical limit of the quantum Hamiltonian of the
inhomogeneous LQC and a scalar field is

Ho[N] = /d3xN af ))(—6k(x)2p( x)[/2 4 ZW

1(3(p(x))? + 482 (p(x)) — 45(p(x)))0*P(x)ap(x)
+3 POk >+H*@[N]
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Quantum corrected Hamiltonian

Quantum corrected Hamiltonian

m The semiclassical limit of the quantum Hamiltonian of the
inhomogeneous LQC and a scalar field is

B(p(x))V2p(x)
HoIN] = / EXN () (p(0) (~6k(20p00) 12 + 27D
4a25’ — 45 02 0Oa
*E Bp(x))? +4a%( (|0(| )() )|3/2(p(><))) P(x) p(X)>+H¢[N]

m And the corrected diffeomorphisms constraint is

Do[N?] = —/d3xN (x )<2a28ak(x)f;'?(p(x))lz&ap(x))Jqu,[Na]



Estados coherentes dindmicos en mecénica cuantica

LCosmological scalar inhomogeneous perturbations

Corrected evolution equations

Corrected evolution equations

m Homogeneous:
)
a 21 0
35 = rad Ty,
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dt<a> +(1-2a%— )<a> :—Eaam,g
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LCosmological scalar inhomogeneous perturbations

Corrected evolution equations

Corrected evolution equations

m Homogeneous:
)
a 21 0
35 = rad Ty,

d /a of fa\? K
dt<a> +(1-2a%— )<a> :—Eaam,g

m Inhomogeneous:

a?BAp — 32 ng 3(1 - 612‘Y )a2¢ Zmyazﬂq,o

. 2
2%( )(l a20 )¢+( ) |:1_5a2(k 2a4l)z +4a4( ) :|¢
+4(3 - 2a220) “2"’(6 —1-42%%)A¢ = 50a%0T,%
P S S
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LCosmological scalar inhomogeneous perturbations

Q m evolution equations

Quantum evolution equations

m Hamiltonian constraint
. .o
a - a ocClass
—k?¢y — 3 % —3 7% = 0oy

223767Gk ko (M2 —ak’ - (k — k')/a*)Gy? k/k’)
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LCosmological scalar inhomogeneous perturbations

Q m evolution equations

Quantum evolution equations

m Hamiltonian constraint
—K2g — 3% - 32—2@ = T, 00
ZZ (a °rGy? ko (M2 —ak’ - (k — k')/a*)Gy? k/k’)
m Diffeomorphisms constraint

: a oclass
ka((,bk + 5¢k) = 5T<Pak + Z k k Gk K’k
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LCosmological scalar inhomogeneous perturbations

Q m evolution equations

Quantum evolution equations

m Hamiltonian constraint
P~ 325 - 32—2@ = T
ZZ (a °rGy? ko (M2 —ak’ - (k — k')/a*)Gy? k/k’)
m Diffeomorphisms constraint
Ka(x + g¢k) = 6T¢gilass+ Z (k —K)aG?, K
m Equations of motion
~2

38 S -2 ( ) O — 3550 = 6T 4

Zza_GTGk K’ .k’ ( 2_O'kl'(k k)/3a )Gk k’, k')
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Dynamical coherent states

m Consider the Hilbert space H and a representation of a Lie
algebra acting on it defined by the Cartan subalgebra
[Fi, Aj ;] = 0 and the laddering operators E.

[Hi,Ea] = ciEa. [Ea. E_a] = aiHi, and [Eq, Ep] = NogEats
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m Define an extremal vector |ext) € H such that E_,|ext) = 0
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Dynamical coherent states

m Consider the Hilbert space H and a representation of a Lie
algebra acting on it defined by the Cartan subalgebra
[Fi, Aj ;] = 0 and the laddering operators E.

[Hi,Ea] = ciEa. [Ea. E_a] = aiHi, and [Eq, Ep] = NogEats
m Define an extremal vector |ext) € H such that E_,|ext) = 0

m Using that finite transformation of the Lie group

eiViF‘i+naéa—ﬁaE_“ lext) = eCBéB_C-ﬂE75|EXt>ei¢
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Dynamical coherent states

Dynamical coherent states

m Consider the Hilbert space H and a representation of a Lie
algebra acting on it defined by the Cartan subalgebra
[Fi, Aj ;] = 0 and the laddering operators E.

[Hi,Ea] = ciEa. [Ea. E_a] = aiHi, and [Eq, Ep] = NogEats
m Define an extremal vector |ext) € H such that E_,|ext) = 0
m Using that finite transformation of the Lie group
ei'yiﬁi"'naéa_"_]océ—a ‘ext> — eCBéﬁ_C-BE*B |eXt>e|¢
m The space of coherent states |¢) is a subspace of H/C, where

C) == eSsBa—CsEs|ext) 2)
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LE>(tras
Dynamical coherent states

m Consider the Hilbert space H and a representation of a Lie
algebra acting on it defined by the Cartan subalgebra
[Fi, Aj ;] = 0 and the laddering operators E.

[Fi,Es] = 2iEa, [Ea, E_o] = aiHi, and [En, Es] = NagEay s
m Define an extremal vector |ext) € H such that E_,|ext) = 0
m Using that finite transformation of the Lie group
el R0 E—TaE o |oxt) — e0Es B s |ext)el?
m The space of coherent states |¢) is a subspace of H/C, where
€)= e%Ba~CoE-njext) ®)

m (2) are dynamical coherent states if the Hamiltonian of the
guantum system is a lie algebra element

A(t) = hi(t)A; 4 fo(t)Eq + fu(t)E
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Pull-back to a submanifold of the projective Hilbert space

m The restriction to the projective Hilbert space P can be carried
out by restricting to the subspace (V|W) = 1 and considering
only functions that are independent of the global phase, and the

restriction to its tangent space can be achieved by projecting the
vector fields through n — 7j .= n — W (V|n)
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Pull-back to a submanifold of the projective Hilbert space

m The restriction to the projective Hilbert space P can be carried
out by restricting to the subspace (V|W) = 1 and considering
only functions that are independent of the global phase, and the
restriction to its tangent space can be achieved by projecting the
vector fields through n — 7 :=n — V(¥ |n)

m A subspace of P can be defined by introducing an n dimensional
family of normalized states |xy,- - - ,Xn) and the pull-back to it
can be defined through

dixz, - %n) = (1= [Xg, -+ %) (Xa, - Xn|)Xe, - Xn)
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Pull-back

Pull-back to a submanifold of the projective Hilbert space

m The restriction to the projective Hilbert space P can be carried
out by restricting to the subspace (V|W) = 1 and considering
only functions that are independent of the global phase, and the
restriction to its tangent space can be achieved by projecting the
vector fields through n — 7 :=n — V(¥ |n)

m A subspace of P can be defined by introducing an n dimensional
family of normalized states |xy,- - - ,Xn) and the pull-back to it
can be defined through

dixz, - %n) = (1= [Xg, -+ %) (Xa, - Xn|)Xe, - Xn)

m Therefore, for certain choices of the submanifold, a
non-degenerated metric and the symplectic structure can be
obtained from

d((x1,- -+, Xa|) @ d(|X1, - ,Xn))
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Hamiltonian formalism in Ashtekar variables

m Ashtekar variables A, = I, +~K/ and EAEP = g detq, these
follow the relations

{AL(X),EP(Y)} = 7r036,61%) (x —y)



Estados coherentes dindmicos en mecénica cuantica

L Extras

Hamiltonian formalism

Hamiltonian formalism in Ashtekar variables

m Ashtekar variables A, = I, +~K/ and EAEP = g detq, these
follow the relations

{AL(X),EP(y)} = w0566 (x —y)
m In a Hamiltonian formulation GR is a constrained system

_ _ ) 1 _
G[N] = / XN (0.E2+eMERAK),  Dg[N?] = - / d*XN2F 3, EP

1 B . .
Ho[N] = Z—K/zd?’xN detE| /2 (eiij;bEjaEf—2(1+72)K$KéEi[anb])

where Fl, = 8.AL — Al + e ALAK is the curvature of the
Ashtekar connection.
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Loop q m gravity & cosmology

Loop quantum gravity & Cosmology

m Use holonomies and fluxes as fundamental variables

he[A] = Pefe dxaAjam Ei(s) = fs Ejana
{he[A],Ej(S)} = S o(e, S)nhe[A]
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Loop quantum gravity & Cosmology

m Use holonomies and fluxes as fundamental variables

he[A] = Pefe dxaAjam Ei(s) = fs Ejana
{he[A],Ej(S)} = S o(e, S)nhe[A]

m Regularize the Hamiltonian constraint using

6ik|€ EbEC 4 ) ' . )
et [y AV o e (e {he (). V)
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Loop quantum gravity & cosmology

Loop quantum gravity & Cosmology

m Use holonomies and fluxes as fundamental variables

he[A] = Pefe dxaAjam Ei(s) = fs Ejana
{he[A],Ej(S)} = S o(e, S)nhe[A]

m Regularize the Hamiltonian constraint using
eik'eabcEEEf B

4 _ _ .
detE| Y% kY {Aa,V} o Jim tr (7'ha(p) {ha*(n), V })

m LQG:Choose the Ashtekar-Lewandowski measure for the Hilbert
space and Quantize!
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Loop quantum gravity & cosmology

Loop quantum gravity & Cosmology

m Use holonomies and fluxes as fundamental variables

he[A] = Pefe dxaAjam Ei(s) = fs Ejana
{he[A],Ej(S)} = S o(e, S)nhe[A]

m Regularize the Hamiltonian constraint using
MeavcBBT 4 Vo tim tr(ha() {ho2(0,V )
detE|Y? Ay DT o A R S

m LQG:Choose the Ashtekar-Lewandowski measure for the Hilbert

space and Quantize!

m LQC: Set Ac[A] = enochen and E; = (A~1)2p and choose
L?(Rg,dx) as the Hilbert space.
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